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A B S T R A C T  

Inves ti ga ting the r ela tion ship, particul arly the lead–l ag effect, be tween time series is a common question across various d iscipl ine s, e specially 
when unc ov ering bio lo gical proces s es . How ev e r, a nalyz ing t ime serie s pre se n ts seve ral challe nges. Firs tly, due to technical reas on s, the time 
points at which o bs erv ation s are made are not at uni for m in te rvals . Se c ondly, some lead–lag effects are transient, ne c e ssit at ing t ime-lag est imat ion 

based on a limited n umbe r of time poin ts. Thirdly, exte rnal factors also impact these time ser ies, requir ing a similar ity metr ic to assess the lead–lag 
r ela tionship. To coun te r these iss ues, w e introduc e a model grounded in the Gaus si an proces s, afford ing the flexibil ity t o estimat e lead–lag effects 
for irregular time series. In addition, our method outputs dis simil arity s cor es, ther eby br oa denin g its app lication s to include tasks such as ranking 
or clus te ring m ultip le pairwis e time s e ries whe n conside ring their s tre n gth of lea d–lag effe cts with extern al factors . Crucially, w e offe r a se ries 
of theor etical pr oofs to subs ta n ti ate the v al id ity of our proposed ke rnels a nd the ide n tifiability of ke rnel pa ra mete rs. Our model de mons trates 
advances in various simul ation s and real-world app lication s, particul arly in the study of dynamic chr oma t in interact ions, c ompare d to other 
lea din g methods. 

KEY W OR DS : ide n tifiability; in te rpr etability; irr egul ar time s e ries; pa ra mete r infe re nce. 
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1 I N T R O D U C T I O N 

he lead–lag effect is a widespread phe nome non whe re cha nges
n one time series (the lea din g se ries) influe nce a nothe r time se-
ies (the influenc e d follow e r se rie s) a fte r a ce rt ain de lay. This
he nome non is prevale n t in a variety of fields, such as climate
cienc e (D e L uca and Pizz o l a n te, 2021 ), healthca re (Fe ng et al.,
021 ; He a nd Hua ng, 2024 ; Hua ng a nd He, 2023 ; Runge et al.,
019 ; Zh u a nd Gallego, 2021 ), economics (S k our a, 2019 ; Wang
t al., 2017 ), a nd fina nce (B a cry e t al., 2013 ; Da Fon s eca and Za-
tour, 2017 ; Hayashi and Koike, 2018 ; Hoffmann et al., 2013 ;
to and Sakemoto, 2020 ). For examp le, Harzall ah and Sadourny
 1997 ) explore the lead–lag r ela tionship betw e e n the India n
ummer mon s oon and v arious climate v ari ab les, such as sea sur-
ace te mpe ra tur e, snow cover, and geopotential height. How ev er,
his dyn amic, roote d in causal re gul atory rel ation ships, is notab ly
 bs erv e d in bio lo gical proces s es, which s erves as the primary

nspiration for the propos ed me thod. The lead–l ag effe ct m an-
fe sts itse lf in various proce sse s, including deve lopme n t (Ding
 nd Ba r- Jos ep h, 2020 ; Ge rs tein e t al., 2010 ; Stro ber e t al., 2019 ),
is eas e-as s oci ated gene tic v ari ation (Krijge r a nd D e La at, 2016 ),
nd respon s es to v a rious in te rve n tions a nd tr ea tme n ts (Fa ryabi
t al., 2008 ; Lu et al., 2021 ). 
e c eiv e d: April 10, 2024; Revised: Nove mbe r 8, 2024; Accepted: Dece mbe r 27, 2024 
The Author(s) 2025. Published by Oxford University Press on behalf of The In te

ourn als .permis sion s@oup.com 
To provide a clea re r con text for this concept, we consider
e mporal -omics d atas e ts, particul arly thos e us ed in the ide n tifi-
ation of pote n tial e nha nce r–promote r pairs in various biolog-
cal proces s es (Fulco et al., 2019 ; Moore et al., 2020 ; Schoen-
elde r a nd Frase r, 2019 ; Whale n et al., 2016 ). Enha nce rs a re
hort cis -r egula tory DNA se quenc es th a t ar e distal to the genes
hey r egula t e, as opposed t o the promot e r seque nce that is ad-
 ace n t to a pa rticula r ge ne. Since e nha nce rs a nd promote rs co-
r dina t e t o ge ne rate time- a nd con text-spec i fic gene expression
ro gram s, that is, the a moun t of RNA produc e d at what time,
 e hypothesize th at the dyn amic pa t terns of enh anc er re gulation

re typically follow e d by corresponding gene program pa t terns,
lbeit with a certain time lag. Appr oxima tely a mi l l ion cand i-
ate h uma n e nha nce rs have bee n ide n tified (Moore et al., 2020 ),

hough the intricate dynamics of how and which e nha nce rs in te r-
ct with promoters in spec i fic proces s es a re s ti l l a n a rea of active
nd on goin g r esear ch. 
Addressing this challenge, our study focuses on the multi-

omics time series da ta pr ese n ted b y Re e d et al. ( 2022 ). This
 atas e t includes measure me n ts of e nha nce r activity, promote r

ran s cription, and 3D chr oma tin structur e a t 7 time points,
rom 0 to 6 hours (a later time point is excluded from this
 rn ation al Biometric Society. All ri gh ts rese rv e d. For permis sion s, p leas e e-mail: 
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FIGUR E 1 E xamples of e nha nce r–promote r pairs with diffe re n t dyna mic pa t terns . The title for each s ubfigur e r epr ese n ts the e nha nce r’s 
genomic location and the gene name. 
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analysis). Thes e d a ta r ev eal c omplex dyn amic pa t terns, as de-
picted in Figure 1 . Our goal is to ide n t ify funct ion al hum an
e nha nce r–promote r pairs from over 20 000 candidate pairs, es-
timate the time lag, and quantify the extent of the lead–lag effect
betw e e n e nha nce r activity and gene expression over time. The
bio lo gical motiv ation for this goal is to unc ov er a r ela tionship
in genomics time series for a subs e t of enh anc er–gene pairs, in
pa rticula r those in which the e nha nce r s tate cha nge s a fter ce ll
act ivat ion and causes a s ubse que n t cha nge in expre ssion of a t ar-
g et g ene. Me asuring the l ag be tw e e n e nha nce r activity a nd ge ne
expression over time for these candidate e nha nce r–promote r
pairs helps in unde rs ta nding the se quenc e of re gulatory ev e n ts
s e t off by act ivat ion, and how the time scale of gene r egula tion
may vary across the genome. 

In the context of our mot ivat ing applicat ion involving mult i-
omics time-series data, and similar sc en arios across various
fields, the re a re key ch allenges th at ne e d careful c on sideration .
Firstly, a common issue is the scarcity of time-point o bs erv a-
t ions. This limitat ion is c ompounde d by the irregul ar interv als
betw e en s uc c essiv e meas ure me n ts, ofte n due to the high cost
of expe rime n t al de si gn or se nsor failures . Addition ally, in cases
whe re the re is an abundance of time-point data, the focus may
shift to p inpo inting local time delays within smaller segme n ts of
the time serie s. The se factor s under score the importance of ac-
curately qua n tifying the unce rtain ty as s oci at ed with the ext e n t
of the lead–lag r ela t ionship, part icula rly whe n deal ing with l im-
it ed t emporal d atas e ts. 

Exi sting method s for aligning t ime-lagged t ime series to
explore the magnitude of lead–lag effects are numerous and
v aried. This exp loration can extend to tasks such as ranking
leaders or followers among mult iple t ime series (Wu et al.,
2010 ) and performing network clustering of time series based
on the pairwis e lead–l ag rel ation ships (Benne tt e t al., 2022 ).
For examp le, Wu e t al. ( 2010 ) ra nk the leade rs of the s trea ms to
the sea s urfac e te mpe ra tur e. Widely used models such as time-
l agged cros s-correl ation ( TLCC, She n, 2015 ) b y compa ring the
cr oss-corr ela tion coefficie n ts, dyna mic time wa rping (DTW,
Be rndt a nd Clifford 1994 ), a nd its diffe re n ti ab le approxima-
tion, soft-DTW (Cuturi and Blondel, 2017 ), and soft-DTW
dive rge nce (Blondel et al., 2021 ) have proven useful by com-
pa ring dis ta nce loss a mong m ultip le pairwis e time s erie s a fter
ali gnme n t (De Luca and Pizzo l a n t e, 2021 ). TLCC , for ins ta nce,
ope rates b y sl id in g one signal o ve r a nothe r a nd ide n tifying
the shift position with the hi ghes t corr ela tion. How ev er, these
methods often r equir e the same time intervals for each time
serie s, which make s them le ss effe ctiv e for irre gul ar time s e- 
ries, pote n tially lea din g to distortions of the true underlying 
r ela tionships. 

Beyond qua n tifyin g the lea d–l ag effect be tw e en pairwise time 
se ries, the re is ofte n a de sire to e st imate t ime l ag con sidering
the irregularities in time-s eries d a ta; one appr oach is to first im- 
pute values at regular time points and then app ly me thods such 

as TLCC to calculate the time lag. Common techniques for this 
se parate mode lin g of ea ch time series include usin g splines (Re- 
hfeld et al., 2011 ) or separate Gaus si an proces s es (SGP, Li et al., 
2021 ). How ev er, s uch methods do not leverage shared infor- 
ma tion acr os s time s e ries, pote n tially lea din g to s uboptim al re-
s ults . Hie ra rchical GP models such as M a gma (Le ro y et al., 2022 , 
2023 ) int egrat e shar ed informa tion acr os s multip le time s eries 
but a re prima rily desi gne d for pre diction a nd clus te ring individ - 
ual time series. This is in con tras t to our primary o bj e ctiv e, which 

is t o clust er pairwise time se ries b y a measure of similarity. More 
dir ect appr oaches for irr egul ar time s eries include the use of the 
ne gativ e and positive lead–lag estimator ( NAPLES , Ito and Nak- 
agawa 2020 ) and the lead–lag method (Hoffmann et al., 2013 ), 
which utilize the Hayashi–Yoshida cova ria nce es timat or t o es ti - 
m ate a fixe d time lag. A lter n ativ e ly, multit ask GPs throu gh la -
te n t va riable models introduc e addition al variables to ac c ount 
for te mporal discrepa ncies such as GPLVM (Dürichen et al., 
2014 ), which may limit flexibility due to the pres ume d inde- 
pe nde nc e betw e e n tasks a nd te mporal seque nces (also known as 
s eparab le kernels). More ov er, more c omp lex mis alignment tech- 
niques (Ka zla uskaite et al ., 2019 ; Mik heeva et al ., 2022 ) mi gh t
not perform well with limited time o bs erv ation s for bio lo gy d ata 
whe re simple r linea r mism atch ass umptions s uffic e, a nd they ca n 

fac e operation al ch allenges s uch as Cholesky de c omposition fail- 
ures. Table 1 compares the afore me n tioned methods, hi ghli gh t- 
ing their suitability for limited or irregular time points, their abil- 
ity to qua n tify the ma gnitude of lead–la g effects, a nd es timate 
time lags: 

In respon s e to thes e challe nges a nd limitations of exis ting 
me thods, we propos e the Gaus si an proces s for lead–l ag time- 
s eries (GPl ag) model. GPl ag introduc es a nov el cl as s of GP ker- 
nels for time series with lead–lag effects, featuring in te rpre tab le 
pa ra mete rs that estimate both the time lag and the de gre e of 
lead–lag effe cts . These pa ra mete rs a re crucial for tasks such as 
ide n tifying as s oci at ed fact ors, a nd ra nking or clus te ring time se-
ries based on lead–lag r ela tionships. Our model also provides 
theoret ical just ificat ion for the ide n tifiability a nd in te rpretability 
of these key pa ra mete rs, a nd in tegrates a Bay esian fr amework for 
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TABLE 1 An overview of r ela ted existing methods. 

Q uantify th e m agnitude of lea d–lag effect Estimate time lag 

Model 
Allows for limited 

time points 
Allows for irre gula r 

time points 
Allows for limited 

time points 
Allows for irre gula r 

time points 

TLCC X X 

DTW X X 

Lead–lag X X 

SGP X 

∗ X 

∗ X 

∗ X 

∗
Splines X 

∗ X 

∗ X 

∗ X 

∗
GPLVM X 

∗ X 

∗
M AGM A X 

∗ X 

∗
GPlag X X X X 

X 

∗ means yes if follow e d by TLCC or DTW. 
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r ea ter flexibility in handling time series with c onstraints s uch as
imited o bs erv ation s or irregul a r time ga ps. 

2 M ET H O D S  

2.1 G auss ia n p rocess 
aus si an proces s es (GPs) are widely used for modeling depen-

e ncy s tructur es, such as spa tial sta t ist ics and t ime-series mod-
ling. In ge ne ric te rms, a GP models a ra ndom function whe re
ny finite c olle ction of r ealiza tion s (ie, n o bs erv ation s) fo llows a
 ultiva riate normal (MVN) distribution. 

efinition 1 f : � → R follows a GP with mean funct io n μ

 nd cova ri a nce fu nct io n K, denot e d by f ∼ GP (μ, K) , if f or any
 1 , · · · , x n ∈ �, [ f (x 1 ) , · · · , f (x n )] ∼ N(v, �) , where v i =
(x i ) and �i j = K(x i , x j ) . 

Cov ari ance function s, als o known as ke rnels, a re widely s tud -
ed when � ⊂ R 

p , such as the radial basis function (RBF, also
nown as the squared exponential kernel), the exponential ker-
el, and the Matérn kernel (Stein, 1999 ). 

2.2 Pairwise t im e-series GP model 
or the sake of clarity, we initiate pairwise time-series mod-
ls, and the ext ension t o multiple time series is delayed to Sec-
ion 2.5 . Given a pair of time series Y (t ) := [ Y 1 (t ) , Y 2 (t )] � ,
here t ∈ R , we model y as a multioutput GPs: Y = F (t ) + ε.
ere, F = [ F 1 , F 2 ] � ∼ GP (μ, ̃  K ) and ε ∼ N(0 , τ 2 I 2 ) r epr e-

e n t the measure me n t e rror. The mea n function is defined as
, and 

˜ K : R × R → PD ( 2) is a cross -cova ria nce ke rnel, with
D (2) r epr ese n tin g the spa c e of all 2 by 2 positiv e definite m a-

ric es . μ is often ass ume d to be zero, which can be achiev e d by a
ertical shift (Gelfand et al., 2010 ), so we assume μ = 0 in the
em aining se ctions . 

The cros s-cov ari ance kernel ˜ K is a crucial compone n t of the
odel, expe cte d to incorporate both the r ela tionship betw e en Y 1 

 nd Y 2 , a nd the time l ag. Con structing v alid cros s-cov ari ance ker-
el s i s a re c ognize d ch alle nge (Apa nasovich a nd Ge n ton, 2010 ;
e n ton a nd Kleibe r, 2015 ; Gneit ing et al ., 2010 ), even more so
he n ke rnels m us t h av e c e rtain ide n tifiab le a nd in te rpre tab le pa-

a mete rs in biological applications. 
We address this by transforming the problem to its “dual”

tate, c onv ert ing the mult ioutput GP into a single-output GP via
 = f (t, l) + ε, l = 1 , 2 , where f ∼ N(0 , K) is a single-
output GP, ε ∼ N(0 , τ 2 ) . We denote the 2 time series as
 1 (t ) = f (t, 1) and F 2 (t ) = f (t, 2) . Here, K is a cov ari ance
ernel of a single-output GP, but the domain expands to R ×
 1 , 2 } instead of R . Esse n tially, we tra nsform a m ultioutput GP
ver R into a single-output GP over R × C , where C = { 1 , 2 }

s an index s e t of time series. 
In this newly formed domain R × C , a family of in s eparab le,

e mi -s tationa ry ke rnel h as be en dev elope d by Li et al. ( 2021 ),
hat is, K( ( t, l) , (t ′ , l ′ )) = K( ( t + h, l) , (t ′ + h, l ′ )) for any
 ∈ R . Con s eque n tly, K ca n be reform ulated as a function on
 × C × C as K 

′ (t, l, l ′ ) := K((t, l) , (0 , l ′ )) . How ev er, for
implicity, we wi l l denote both as K in the s ubse que n t se ctions .
 rich family of semi-stationary kernels can be found in Li et al.
 2021 ). This family of kerne ls, althou gh rich, was not specifi-
ally designed for time series with a time lag. To ac c ount for the
ime lag, the following theorem ensures that any existing semi-

s tationa ry ke rnel ca n induce a ke rnel with a pa ra mete r that mea-
ures the time lag, denoted by s , which ens ures th at our proposed
ernel, with the inclusion of this time lag pa ra mete r, re mains a
alid kernel within the GP framework. 

 heore m 1 Let K 

′ be a semi-s ta t io nary kernel o n R × C , t hen t he
nd u ced kernel defined as 

K( ( t, l) , (t ′ , l ′ )) := K 

′ (t − t ′ − 1 { l 	 = l ′ } s, l, l ′ ) (1)

s positiv e definite, and t h us serves as a cova ri a n ce kern el for a GP,
here s ∈ R m easures th e tim e l ag betw e en 2 t ime ser ie s. 

The fo llowing coro ll ary provides s ome concre te candid ates of
ernels for GPlag. 

orollary 1 If φ : R ≥0 → R is a co mplet ely mo not o ne funct io n
nd ψ : R ≥0 → R ≥0 is a n onn e gative fun ction with a comp letel y
 on oton e deri vati ve, then 

K( ( t, l) , (t ′ , l ′ )) = 

σ 2 

ψ(1 { l 	 = l ′ } ) 1 / 2 
φ

(
−| t − t ′ − 1 { l 	 = l ′ } s | 2 

ψ(1 { l 	 = l ′ } ) 

)
s a val i d k ernel , w here σ 2 > 0 meas u res the s pa t i al va ri a nce a nd
 ∈ R measures the time lag. 

The proof i s g iven in Section 1.2. Since the key idea in the
bov e the ore m a nd coro ll ary is motiv ated by Gneiting ( 2002 ),
e call the kernel family c onstructe d from Coro ll ary 1 the
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Gneiting family. In part icular, Gneit ing enumerates 4 candi-
dates for φ and 3 for ψ in Gneiting ( 2002 ). Exploring each
a mal ga mation of φ and ψ families allows for further tailoring
b y adjus ting pa ra mete rs in trinsic to the fa mily, culminating
in the desired ke rnel. Furthe rmor e, mor e ke rnels ca n be con-
s tructed b y combining ke rnels from Gneiting fa mily a nd othe r
simple kernels . An alogues of the RBF, expone n tial ke rnel, a nd
Matérn ke rnel in Euclidean space are provided in the following
definitions. 

Definition 2 The f ollowi ng cova ri a n ce kern els are c alled t i me l ag
rad i a l b asis funct io n (LRBF), t i me l a g expo nent ial kernel (LExp),
and time lag Matérn kernel ( LM at), res p ectivel y: 

K( ( t, l) , (t ′ , l ′ )) = 

σ 2 

(1 { l 	 = l ′ } a 2 + 1) 1 / 2 
e 
− b ( t −t ′ −1 { l 	 = l ′ } s ) 

2 

1 { l 	 = l ′ } a 2 +1 
, (2)

K( ( t, l) , (t ′ , l ′ )) = 

σ 2 

1 { l 	 = l ′ } a 2 + 1 

e −b | t −t ′ −1 { l 	 = l ′ } s | , (3)

K( ( t, l) , (t ′ , l ′ )) = 

σ 2 2 

{ b 
2 | t − t ′ − 1 { l 	 = l ′ } s | 

}ν

( 1 { l 	 = l ′ } a 2 + 1) ν+1 / 2 �( ν) 

× K ν

(
b| t − t ′ − 1 { l 	 = l ′ } s | 

)
. (4)

As an i l lustration, LRBF can be deriv e d by s e tting φ(t ) = e −bt 

and ψ(t ) = a 2 t + 1 in Coro ll ary 1; LExp is the product of a
kernel in Gneiting family with φ(t ) = e −bt 1 / 2 , ψ(t ) ≡ 1 , and a
simple kernel 1 

1 { l 	 = l ′ } a 2 +1 ; LMat is the product of a kernel in Gneit-

ing family with φ( t ) = 

(bt 1 / 2 ) ν
2 ν−1 �(ν) K ν ( bt 1 / 2 ) , ψ ≡ 1 , and a simple

kerne l 1 
(1 { l 	 = l ′ } a 2 +1) ν+1 / 2 . Common choice s for ν are 1 / 2 , 3 / 2 , 5 / 2 ,

where the Bes s el function K ν admits a closed form, similar to the
s ta nda r d Ma térn ke r nel, with the spec i fic choice depending on
the data. Hi ghe r values of ν a re s uite d for smoother proc es s es.
Add itional cand idate ke rnels a r e pr ese n ted in the Web Appe ndi
x A Section 1.1, along with a de tailed exp l anation on how they
a re cons tructed. 

2.3 Inte rp r et ation of pa ra mete rs 
The in te rpretability of kernel parameters is one of the m a jor ad-
va n t age s of GP mode ls. In the kerne ls define d abov e, σ 2 , the spa-
ti al v ari anc e, c ontrol s the point-wi s e v ari ance; b, the length s cale
pa ra mete r, gove rns the te mporal depe nde ncy; the s moothne ss
pa ra mete r ν dete rmine s the s moothne ss of the sample path. In
this pa pe r, w e ass ume ν to be given, which is a c ommon ass ump-
tion in GP litera tur e (Rasmus s en, 2004 ). More importantly, a
is called the dis simil a rity pa ra mete r, whe re a smalle r a si gnifies
a les s er de gre e of dis simil arity, which corresponds to a s tronge r
lead–lag effect. For 2 distinct time series l 	 = l ′ , when a = ∞ ,
the cov ari ance K( ( t, l) , (t ′ , l ′ )) = 0 , indicating indepe nde nce
betw e en time series or no lead–lag effect at all. On the other
ha nd, whe n a = 0 , K( ( t, 1) , (t ′ , 2)) = σ 2 e −b(t −t ′ −s ) 2 , imply-
ing that the 2 time series are the same up to a time lag, the
s tronges t lead–lag effect. The in te rpr eta tion of a in GPlag par-
alle ls measure s lead–lag effect in other classical methods such as
DTW and TLCC: a = 0 in GPlag aligns with a loss of 0 in DTW
and a corr ela tion of 1 in TLCC to signify the s tronges t lead–lag
effect. Similarly, a = ∞ in GPlag corresponds to a loss of infinity
in DTW and a corr ela tion of 0 in TLCC for the weakest effect. 
The time-lag pa ra mete r s measures the time lag betw e en 2 time 
series. In the next subsection, we d isc uss the imple me n tation of 
GPlag and the inference of thes e parame ters, especi ally a and s . 
Further visualization of s amp le path s of above ker nels with di f- 
fe re n t c ombin ations of pa ra mete rs is provided in Figures S5 - S7 .
The oretical s upport for the ide n tifiability of a a nd s is provided 

in Section 3 . 

2.4 Imple me ntatio n 

In this se ction, w e outline the algorithm to estimate the pa- 
ra mete rs { a, b, s, σ 2 , τ 2 } pr oposed in the pr evious model, given 

the o bs erv ation s { (t i , c i , y i ) } n i =1 , c i ∈ { 1 , 2 } , n = n 1 + n 2 . The
mos t direct a pproach is to find the maximum l ikel ihood estimate 
(MLE) given by: 

l(a, b, s, σ 2 , τ 2 ) := log p(y 1 , · · · , y n | c 1 , · · · , c n , t 1 , · · · , 

t n , a, b, s, σ 2 , τ 2 ) 

= −n 

2 

log 2 π − 1 

2 

log | � + τ 2 I n | 

− Y 

� (� + τ 2 I n ) −1 Y 

2 

, (5) 

where Y = [ y 1 , · · · , y n ] � denotes the v e ctor of o bs erv ation s,
and � is the (n 1 + n 2 ) × (n 1 + n 2 ) cov ari anc e m atrix spe c i fied
in Equat ions ( 2 )-( 4 ). Opt imizat ion methods such as L- BFGS- B 

(Byrd et al., 1995 ) a nd Ada m (Kingma a nd Ba, 2014 ) are widely 
used. T he L-BF GS-B alg orithm allo ws for s e tting lowe r a nd up- 
per bounds on the parameters, enhancing the stability of the nu- 
meric opt imizat ion . The parame ters a, b, σ 2 , τ 2 are c onstraine d 

to be positive and s can be s e t to a reas onab le ra nge depe nding 
on spec i fic cases. For the initial values of b, σ 2 , τ 2 , w e s u gge st
running a s ta nda r d GP r egr ession firs t a nd using the es timates as 
our initial values. For s , we recommend taking the estimate from 

TLCC, and we recommend a = 1 as the init ializat ion. The il- 
lustration of the MLE process is provided in Web A ppendix A 

Algorithm 1. 
The ext ension t o Bayesia n infe re nce is s trai gh t- 

forwa rd: we ca n simp ly s amp le from the pos te rior 
π (a, b, s, σ 2 , τ 2 |{ t i , c i , y i } n i =1 ) ∝ π (a, b, s, σ 2 , τ 2 ) 
p(Y |{ y i , c i , t i } n i =1 , a, b, s, σ 2 , τ 2 ) , where π (a, b, s, σ 2 , τ 2 )
is the joint pr ior distr ibution. We su gge st using independent 
inve rse Ga mma priors for a, b, σ 2 , τ 2 and a Gaus si an prior for s . 
The algorithm is depicted in Algorithm 3 in Supplement 1.4 and 

h as be e n imple me n ted in P ython using GP yTor ch (Gar dner 
et al., 2018 ) and the Pyro (Bingham et al., 2019 ) package. This 
imple me n tation e nables ra pid, fully Bayesia n infe re nce a nd 

t ake s adva n tage of GPU ac c eleration. 

2.5 Exten s ion to mult i-t im e series 
The kernels introduc e d in Section 2.2 can be extended to ac- 
commodate any number of time series, denoted by L ≥ 2 . Fol- 
lowing the same rationale, it suffices to define a kernel on R ×
C × C , where C = { 1 , 2 , · · · , L } . The follo wing theorem g en-
er aliz es LRBF, LExp, and LMat for any L by aligning A = 

(a l l ′ ) with the cr iter ia for a dis ta nce metric, pa ra mete rized b y

https://academic.oup.com/biometrics/article-lookup/doi/10.1093/biomtc/ujae156#supplementary-data
https://academic.oup.com/biometrics/article-lookup/doi/10.1093/biomtc/ujae156#supplementary-data
https://academic.oup.com/biometrics/article-lookup/doi/10.1093/biomtc/ujae156#supplementary-data
https://academic.oup.com/biometrics/article-lookup/doi/10.1093/biomtc/ujae156#supplementary-data
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 l l ′ ≥ 0 , b, s l , σ 2 , τ 2 under the constraints a l l ′ = 0 ⇐⇒ l =
 

′ , a l l ′ = a l ′ l , a l l ′ + a l ′ k ≥ a lk for any l, l ′ , k = 1 , · · · , L and
 1 = 0 : 

 heore m 2 The f ollowi ng cova ri a nce fu nct io ns are ext ensio ns of
RB F, LEx p, and LMat: 

K( ( t, l) , (t ′ , l ′ )) = 

σ 2 

(a 2 l l ′ + 1) 1 / 2 
e 
− b ( t −t ′ + s l −s l ′ ) 

2 

a 2 
l l ′ +1 

, 

K( ( t, l) , (t ′ , l ′ )) = 

σ 2 

(a 2 l l ′ + 1) 
e −b | t −t ′ + s l −s l ′ | , 

K( ( t, l) , (t ′ , l ′ )) = 

σ 2 2 

{ b 
2 | t − t ′ + s l − s l ′ | 

}ν

( a 2 l l ′ + 1) ν+1 / 2 �( ν) 

× K ν ( b| t − t ′ + s l − s l ′ | ) . 

The positive definite, symmetric, a nd tria ngle ine quality c on-
 train ts on a l l ′ ensure the positive definiteness of K. And the con-
 train t on s 1 is due to our tr ea ting the first time series as the base-
ine, which means that the time lag is r ela tive to the first time
e ries. The infe re nce is similar to the previous case, with the only
iffe re nce being that the opt imizat ion me thod invo lved in MLE
e e ds to c on sider thes e addition al c ons train ts. In othe r words, it

s a c onstraine d opt imizat ion pro b lem . Neverthe le ss, it is not in-
ractable, as all the cons train ts on a l l ′ a re linea r a nd ca n be ac c om-

odated by exist ing opt imizat ion methods, including L-BFGS-
 a nd Ada m, as i l lus trated in Web Appe ndix A Al gorithm 2 with
 time series. 

3 I D E N T I F I A B I L I T Y O F  G P L A G  K E R N E L 

PA R A M ET E R 

o support our in te rpr eta tion to A := (a l l ′ ) ∈ R 

L ×L and S :=
(s l ) ∈ R 

L in Se ction 2 , w e d isc uss the ide n tifiabil ity, that is, d if-
e re n t pa ra mete r s lead to d iffe re n t models . Note th at not all pa-
a mete rs of commonly used GP models a re ide n tifiable, which

ea ns that diffe re n t pa ra mete r values ca n lead to the sa me
odel. For example, in the classical Matérn cova ria nce function,

he spati al v ari ance σ 2 and length scale parameter b are not iden-
ifiab le, meaning that it is not pos sib le to distinguish betw e en
iffe re n t values of these pa ra mete rs based on the data alone (Li
t al., 2023 ; Stein, 1999 ; Zha ng, 2004 ). This ca n be a limitation
f GP models and it is importa n t to consider when interpreting

he res ults . In the case of GPlag, if the k ey par ameters A and S are
ot ide n tifiab le, th at is, the GP l ag de te rmined b y (A, S ) is equiv-
le n t to the one determined by ( ̃  A , ̃  S ) , then it is unconvincing to
n te rpret A a nd S as time se ries dissimila rity a nd time l ag. W ith-
ut ide n tifiability, A a nd S do not admit any clear interpr eta tion
nd the results of the model would be hard to interpret. 
In this section, we prove that the pa ra mete rs A a nd S in GPlag
odel a re ide n tifiab le, allowing them to be used to as measures

f the lead–lag effect betw e e n time se ries (meas ure d b y A ) a nd
he time lag (meas ure d by S ). Here, w e ass ume all parameters
re positive , finite , real n umbe rs, a nd the domain is fixed (also
nown as the infil l dom ain). The fixe d dom ain ass umption is
eas onab le for multiomics time series, as the dynamics of gene
 egula tion in such expe rime n ts occur during a fixed window of
 ime. Invest igators wi l l de cide, base d on av ail ab le budge t, the
ime points ne e de d to capture the dynamics durin g, say, a ctiva-
ion or diffe re n ti ation . If allocated more budget, they wi l l then
l l in the gaps betw e en existing o bs erv ation s, to h av e bet ter r es-
lution over the same time period. We begin by introducing the
e c es s ary definition s. 

efinition 3 Two GPs K and 

˜ K are said to be equi valen t, de-
oted by K ≡ ˜ K , if the corres p ond in g Ga ussi a n ra ndo m meas ures
 re equ i valen t to each o ther. T hat is, 2 Gaussi a n ra ndo m meas ures
re ab solu t ely co nt in uous wit h res p e ct t o each other. 

If K ≡ ˜ K , then K can never be c orre ctly di stingui shed from ̃K 

 egar dless of how den s e the o bs erv e d time points are (Zhang,
004 ). Focusing on a pa ra metric fa mily of cova ria nce functions
 θ , if there exists θ1 	 = θ2 such that K θ1 ≡ K θ2 , then any e stima -

or of θ based on n observations { t i , y i } n i =1 , de noted b y ̂  θn , ca nnot
e weakly consis te n t (Dudley, 1989 ). 

efinition 4 θ is sa i d to be identifiable if K θ ≡ K ˜ θ ⇐⇒ θ = ̃

 θ . 

As a result, it suffices to show the following ne c es s a ry a nd suf-
cie n t conditions for 2 GPlags being equivale n t, which su gge sts

de n tifiab le pa ra mete rs for furthe r in te rpr eta tion: 

 heore m 3 Let K and 

˜ K be 2 LMat k ernels w ith pa ra meter s
(σ 2 , b, A, S ) and ( ̃  σ 2 , ̃  b , ̃  A , ̃  S ) and ν is assumed to be kn own, th en

K ≡ ˜ K ⇐⇒ (σ 2 b 2 ν, A, S ) = ( ̃  σ 2 ˜ b 2 ν, ̃  A , ̃  S ) . 

hat is, the identifiable p arameters, a lso known as the m icroergod ic
a ra meter s, a re { σ 2 b 2 ν, A, S } . In p articu lar, let ν = 

1 
2 , t he micro er-

o dic p aramet ers fo r LEx p k ernel are { σ 2 b, A, S } . 

The proof is given in Appendix 1.3 . Although σ 2 and b in
Plag are not identifiab le, the propos ed interpre tation of the
ode l doe s not re ly on the se 2 pa ra mete rs. Ins tead, the pa ra m-

ter A is int erpret ed as a measure of dis simil arity be tween time
e ries unde r a time lag r epr ese n ted b y the pa ra mete r S . Note that
Ps are commonly used for r egr e ssion t asks. For this purpose,

ven though some kernel parameters such as σ 2 and b are not
de n tifiab le in the se mode ls, the pre diction perform anc e rem ains
symptot ically opt imal when the ke rnel pa ra mete rs a re misspec-
 fied (Kau fma n a nd Shab y, 2013 ), su gge sting tha t r egr ession is
istinct from parameter inference in GPs. 
More ov e r, the ide n tifiability of ke rnel pa ra mete rs in GPs de-

ends on the dimension of the domain. For time series, the
omain is 1-dimensional, but our theorem also holds for 2-

dime nsional a nd 3-dime nsion al dom ains . In dimensions gr ea ter
han 3, it becomes a challen gin g pro b lem and we tr ea t it as a fu-
ure w ork sinc e our focus of this work is 1-dimensional time se-
ies. 

4 S I M U L AT I O N  ST U D I E S  

he main focus of our expe rime n ts was to i l lustra te tha t GPlag
 ould ac curate ly e st imate both the t ime lag a nd the exte n t
f lead–lag effe cts . T his capa bility aided in the ranking or

https://academic.oup.com/biometrics/article-lookup/doi/10.1093/biomtc/ujae156#supplementary-data
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FIGURE 2 Pa ra mete r es t imat ion. (A) MLE of a in GPlag with data ( n = 100 ) ge ne rated from 3 diffe re n t ke rne ls. (B) s e stim ate d by GP lag and 

lead–lag with data ( n = 100 ) ge ne rated from 3 diffe re n t ke rnels . (C) MLEs of GP lag pa ra mete rs a a nd s in the LExp ke r nel with di ffe re n t n . 
The true pa ra mete r values were re pre se n ted b y the dashed horizon t al line s . All boxplots w er e fr om 100 r eplica tes. 
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clus te ring of mult iple t ime series that existed in a lead–lag re-
l ation ship with a target time series. We demonstrated the the-
or etical pr operties of GPlag using synthetic dat a, as the se prop-
e rties we re bes t i l lus trated unde r a fully con trolled e nvironme n t.
All code and additional imple me n t ation det ai ls were avai lable in
Supplement Section 2.1 . 

Ba selin e m odels (1) For est imat ing the t ime lag, we com-
pared with lead–lag. (2) By ut iliz ing the GP framew ork, w e w ere
able to predict values for 2 time series at unobserv e d time points.
T hen, we e valuated the prediction error against 3 base line s: nat-
ural cubic splines with 5 breakpoints, SGP, and M a gma. (3) To
evaluate the effe ctiv eness of the estimate of lead–lag effe cts, w e
e mplo yed 4 baseline methods: TLCC, D TW, soft-D TW, and
soft-DTW dive rge nce. TLCC a nd DTW could output aligned
time series, allowing us to calculate c orrelation c oefficie n ts from
the aligned data. On the other hand, soft-DTW and soft-DTW
dive rge nce measured the a moun t of warping needed to align 2
time se ries a nd provided a dis ta nce los s me tric. We us ed both
corr ela tion coefficie n ts a nd dis ta nce loss as measures of dissimi-
l arity be tw e en the time series. 

Pa ra me te r es timation and infe re nc e. To validate the iden-
tifiability of our model, we simulated a pair of time series
from GPlag with 3 kernels in Equations ( 2 )-( 4 ), with 100
r eplica tes. We s e t the mea n to ze ro for both se ries a nd speci -
fied pa ra mete rs as b = 0 . 3 , a = 1 , s = 2 , σ 2 = 4 for each ker-
nel. For LMat, we s e t the smoothnes s pa ra mete r as ν = 3 / 2 .
The n umbe r of measure me n ts within each time s eries v ar-
ied across { 20 , 50 , 100 , 200 } and the time points were gener-
ated followings t i = 

50 
n −1 (i − 1) + ε and t ′ i = t i + s , where i ∈

{ 1 , 2 , . . . , n } and ε ∼ Unif (− 1 
4 , 

1 
4 ) r epr ese n ts noise. 

Our results showed that the MLE of a and s we re ve ry close to
their truth among all 3 ke rnels whe n n = 100 . This w as con sis-
te n t with the the oretical an alysis in Theorem 3 (Figure 2 A and
B) th at GP lag c ould ac cura tely r e c ov er the true lead–lag effe cts .
Compared to lead–l ag, GPl ag exhibited simil a r or smalle r va ri -
anc e, spe c i fically when the kernel was Matérn with ν = 3 / 2 . Ad-
dition ally, w e performe d simul ation s with a v a rying n umbe r of
time poin ts a nd found that the va ria nce of the MLEs of a and s 
de crease d as the sample size increased, which empirically con- 
firme d the c onsis te ncy of the MLEs (Fi gure 2 C). Plots for other 
pa ra mete rs of se c onda ry in te res t, including σ 2 , b , and σ 2 b 2 ν , are
pr ovided in Figur e S1 . We also pe rformed sim ul ation s with dif- 
fe re n t s e ttings of b = 0 . 3 , 5 , 10 , and found that the consis te ncy
of the MLEs for a and s was m aintaine d acros s thes e diffe re n t
values of b (see Figure S2 for more details). 

Predictio n. We as s es s ed the a ccura cy of GPlag’s predictions 
b y ge ne ra ting da ta fr om 2 differ ent pr oces s es . In the first, w e use d
the kernel LExp in Equation ( 3 ) with pa ra mete rs b = 1 , a =
0 . 3 , s = 2 , and σ 2 = 4 . In the se c ond, w e ge ne rated pairwise
time series from linear functions with non-Gaussian noise ( t - 
distributed): y = 2 t + 3 + 5 ε1 and y = 2(t − 20) + 3 + 5 ε2 
where t = 0 , 1 , 2 , . . . , 100 . The noise te rm ε1 a nd ε2 was drawn
from a t -distribution with 5 de gre es of fre e dom. We the n ra n- 
domly sele cte d 50% of the data as training data for model fitting 
and used the remaining 50% as testing data for prediction in both 

s e ttings. We app lied the best linear unbi as e d pre diction (BLUP; 
see the Supplement Section 2.1 for more details) and used the 
mea n squa red e rror (MSE) on the testing s e t as the me tric to 

evaluate the prediction a ccura cy. 
Among all me thods, GPl ag achiev e d the hi ghes t log-l ikel ihood 

and s malle st MSE (Figure 3 A and B, Figure S3 ). The adva n tage 
of GP lag ov e r SGP a nd sp lines w as th at it modele d 2 time series
to ge ther, which allow e d for sh aring of inform ation betw e en time 
serie s throu gh a . When a → ∞ , it w as equiv ale n t to SGP, while
a s mall e stima ted a indica ted tha t 2 time se ries we re simila r, a nd
the cov ari ance function then allow e d for more information to be 
sh are d betw e en them. Although M a gm a adopte d a hierarchical 
GP to spec i fically model the mean function for ir regul ar d ata, it 
did not consider time-lag information across time series. 

Clus te ring or ranking time s eries bas e d on dis simila rity to 

ta rge t time series. 
We evaluated the rel ation ship be tw e en the m agnitude of pa- 

ra mete r a and the de gre e of lead–lag effects (the level of syn- 
chrony with a design ate d ta rget si gnal) to as s es s the effe ctiv eness 

https://academic.oup.com/biometrics/article-lookup/doi/10.1093/biomtc/ujae156#supplementary-data
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FIGURE 3 (A-B) Evaluation of prediction pe rforma nce for time series deriv e d from LExp Kernel, as as s es s ed by log-l ikel ihood (A) and MSE 

(B). (C) Line plots of 9 fea tur e s time serie s v ers us target time series with various orders of distortion and time lag. The black line r epr ese n ts the 
target time series. (D) Est imat ion of a in 9 pairwise comparis on s. 
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f GPl ag. We simul ated 9 time series from the function f k (t ) =
a rcta n ( k( t+ s )) 

a rcta n (k) for every pair of k and s , where k ∈ { 0 . 01 , 1 , 10 } and
 ∈ { 0 , 0 . 5 , 1 } . Among them, the time series simulated from the
unction of k = 0 . 01 , s = 0 was tr ea ted as the target time series,
hich w as clos e to a linea r function (Fi gure 3 C, ts1). Each time

eries had 50 time points ran gin g fr om [ −2 , 2] . Her e, k deter-
ined the degree of dis tortion, whe re a smalle r k (eg, 0.001) cor-

esponded to a curve close to the ide n tity tra nsformation, a nd a
a rge r k r epr ese n ted the cases with mor e upwar d/down war d dis-
ortion. By comparing different co lumn s in Figure 3 C, we could
e e th at the de gre e of dis simil arity be tw e e n the ta rge t time s eries
 nd othe r time se ries was con trolled b y k, whe reas s con trolled
he time lag along the t-axis. 

Nine pairs of time series wer e fit ted by GPlag with the LExp
ernel. We o bs erv e d th at 3 pairs of time series in each column
ith the same k were grouped to ge the r (Fi gure 3 D), and a in-

reased as k increased. This implie d th at GP lag c ould ac cu-
 ately r ank the de gre e of lead–lag effe cts a mong m ultiple pairs
f time s eries bas ed on the pa ra mete r a , thr ough pr e cise estim a-

ion of the time-lag pa ra mete r s . A la rge r es tima te of a indica ted
 s tronge r dis simil arity be tw e e n pairs of time se ries. To furthe r
ua n tify the clus te ring pe rforma nce of lead–lag effects among

he 9 pairs of time series, we used the Adjusted Rand Index (ARI,
ube rt a nd Arabie 1985 ) a nd Norm alize d Mutual Inform ation

NMI, Strehl and Ghosh 2002 ) as evaluation metrics. To define
 clus te r from the pairwi se di s simil a rity pa ra mete r (corr ela tion
oefficie n ts for TLCC a nd dis ta nc e loss for DTWs), w e use d
-mea ns (Sha nnon, 1948 ) with 3 clus te r s. As the foc us of this
ork was on determining pairwise dissimila rity rathe r tha n the

lus te ring al gorithm, w e opte d for a simple clus te ring method.
P lag achiev e d the hi ghes t ARI a nd NMI in clus te rin g the lea d–

ag effects among 9 pairwise time series (Table 1 , columns 2 and
). We also t est e d GP lag using the LRBF and LMat ke rnels, a nd

ound that ARI and NMI scor es r emained a t 1, consis te n t with
he LExp res ults . The inferre d a values are shown in Figure S4 ,
urther indicating that the results are not s en sitive to the choice
f kernel. The results for the competitors are based on their de-

a ult p a ra mete r s e t tings pr o vided in the pa ckage. 
Ext ension t o 3 tim e serie s. To demon strate the applicabil-

ty of GPlag to more than 2 time series, we conducted sim-
lation studies using 3 time series genera ted fr om the LExp
ernel. In this sc en ario, all c onstraints w ere line ar, allo wing
s to utilize optimizers that su pport l inea r cons train ts. Simi -

ar to the pairwise simulation setting, we set the mean to zero
or all se ries, a nd the time points were generated a ccordin g to
he equations t i = 

50 
49 (i − 1) + ε and t ′ i = t i + s i , where i ∈

 1 , 2 , . . . , 50 } and ε ∼ Unif (− 1 
4 , 

1 
4 ) r epr ese n ted noise. The

pec i fied pa ra mete r values we re b = 0 . 3 , a 12 = a 13 = a 23 =
 , s 2 = 2 , s 3 = 4 , σ 2 = 4 . The maximum l ikel ihood estimate
MLE) of the pa ra mete rs closely a ppr oxima ted the true val-
e s (re pre se n ted b y the dashed l ine), provid ing further val ida-
ion of the theoretical properties . Addition ally, the propose d

ethod achiev e d the low est MS E in this pa rticula r s e tup (s ee
igure 4 ). 

5 G E N O M I C S  A P P L I C AT I O N : DY N A M I C  

C H R O M AT I N I N T E R A C T I O N S  

n this se ction, w e applie d GP lag to a time- re solv e d multiomics
 atas e t invo lving e nha nce rs a nd ge nes in h uma n c ells activate d
 y in te rfe ron ga mma fr om a r es ting s tate (Re e d et al., 2022 ).
riginally, the d atas e t compris ed over 20 000 pairs. Each pair

 onsiste d of 1 time series for each enh anc er and likewise 1 time
eries for each gene, at 7 irregularly spaced time points (0, 0.5,
, 1.5, 2, 4, and 6 hours after a perturbation). The time se-
ies captured gene expression measure me n ts for ge nes a nd hi -
tone tail ace tyl a tion measur e me n ts (H3K27ac), a measure of
ctivity for the e nha nce rs, both a ppr oxima tely v ari ance stabi-
ized. It is widely believ e d th a t the altera tion s in ace tyl ation oc-
ur prior to the changes in expression of the r egula ted genes
Re e d et al., 2022 ). We focused only on pairs th at be came func-
ional afte r s tim ulation, b y a pplying a filte r on the total ra nge
f stab ili zed v alues acros s the times cale, yielding 4776 dynamic
airs of e nha nce r–ge ne time se ries. Subseque n tly, the o bj ec-
ive of our a nalysis, afte r es t imat ing the model pa ra mete rs of

Plag for these 4776 pairs, was to ide n tify the subset of all pos-
ible e nha nce r–ge ne pairs that re pre se n t funct io n a l e nha nce r–

gene pairs, that is, the e nha nce r responds to cell act ivat ion
nd r egula tes the expr e ssion of the gene, a fter some time lag.

any types of time profiles can be ca ptured b y such a time-
se ries expe rime n t, for exa mple, increasin g a cross the ran ge, de-

r easing, or incr easing then decr easing, etc . Pa rticula r functional

https://academic.oup.com/biometrics/article-lookup/doi/10.1093/biomtc/ujae156#supplementary-data
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FIGURE 4 Fitting pe rforma nce on 3 time series generated from LExp with b = 0.3, a 12 = a 13 = a 23 = 1 , s 2 = 2 , s 3 = 4 . (A) MLE of 
a 12 , a 13 , a 23 , s 1 , s 2 . The true pa ra mete r values a r e r epr ese n ted b y the dashed horizon t al line s . (B) Pre diction MS E on the he ld-out dat aset , f rom 

100 r eplica tes. 

TA BLE 2 Evaluat ion of GP lag v ers us TLCC, D TW, soft-D TW, and soft-D TW dive rge nce on various datasets. 

Syn thetic d ata cluste ring Dyn amic Chrom atin In te ractions 

Model ARI N M I P -va lue: as s ociation test P -value: e nrichme n t test 

TLCC 0.35 0.58 0.051 0.13 
DTW 0.4 0.55 0.292 1 
Soft-DTW 0.27 0.49 0.957 0.57 
S oft-DTW diver gence 0.07 0.39 0.907 0.90 
GPlag 1.00 1.00 0.019 0.05 

Since the above algorithms are deterministic, the standard deviation is not reported. 
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e nha nce r–ge ne pairs wi l l have subtle diffe re nces in the dynam-
ics of the c oordin ate d ch an ge in a ctivity and expression, com-
pa red to othe r function al pairs, which w e hope to capture with
our GPlag model. 

To as s es s the pe rforma nce of GPlag in ranking enh anc er–gene
c onne ctions, w e split the pairs into 2 groups ac c ording to the pa-
ra mete r a . The top 20% pairs we re desi gnated as the candidate
e nha nce r–ge ne group, with the remaining pairs forming the ne g -
a tive gr oup. To compar e again st bas e line s, we spl it all pair s into 2
groups using their respe ctiv e metric of similarity and a 20% cut-
off. Subseque n tly, we as s es s ed the pe rforma nce from 3 perspec-
tiv es . 

Firstly, w e c ompare d the H i-C (H igh-thr oughput Chr omo-
some Conformation Ca pture, Liebe rma n-Aide n et al. 2009 )
c ounts betw e en the candidate enh anc er–gene group and the
ne gativ e group. Sinc e Hi-C c ounts meas ure d the frequency
of physical in te ractions betw e e n e nha nce rs a nd ge nes in 3-
dimension al chrom atin structure, w e expe cte d the candidate
e nha nce r–ge ne group to have hi ghe r Hi -C coun ts, while the Hi-
C information was not used in our ranking of pairs. Our re-
s ults show e d ca ndidate e nha nce r–ge ne pairs exhibited signifi-
ca n tly hi ghe r Hi -C coun ts compa red to the other pairs (Table 2 ,
co lumn s 4 and 5), with GPlag producing the s malle st p-value 
(Wilco xon r a nk-sum tes t, p = 0 . 019 ). 

Se c ondly, w e an alyze d the e nrichme n t of loo p ed enh anc er–
gene pairs betw e en the 2 groups . A loo p ed enh anc er–gene pair 
is 1, where the enh anc er element is physically brought into close 
proximity with the re gulate d ge ne, e nabling the e nha nce r’s activ- 
ity to influence the expression of the as s oci ated gene. Looping 
in this d atas e t w as de t ermined using H i -C coun ts, but the de-
termination of loops uses spatial pattern detection and stat ist ical 
models t o det er mine i f the sign al rises to the lev el of a “loop.”
We o bs erv e d th a t candida te enh anc er–gene pairs identified by 
GP lag h ad a si gnifica n tly hi ghe r l ikel ihood of being “looped”
e nha nce r–ge ne pairs compared to the matched pairs from the 
other group, sele cte d base d on genomic distance (Davis et al., 
2023 ) ( χ 2 test, p = 0 . 05 ). How ev er, no signi ficant di fference in 

e nrichme n t was found betw e en the 2 groups of pairs ide n tified 

using baseline methods. 
The lack of s tatis tical si gnifica nce o bs erved in DTW-based 

methods may be due to the limited information av ail ab le for 
ali gnme n t because of the small n umbe r of o bs erv ation s. Addi- 
tion ally, with irre gularly spac e d time poin ts, TLCC mi gh t in- 
troduce bias when est imat ing t ime lag and c oefficients . Giv en 
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FIGURE 5 Visualization of GPlag modeling output on sele cte d pairs . The title for each s ubfigur e r epr ese n ts the e nha nce r’s ge nomic location 

and the gene name. The s o lid circle line r epr ese n ts ge ne expre ssion ; the s o lid tri angle line r epr ese n ts e nha nce r activity; the dashed circle line 
r epr ese n ts the e nha nce r shifted by GPlag; and the dashed triangle line r epr ese n ts the e nha nce rs shifted by TLCC. 
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he cons train t of TLCC, which ca n only ge ne rate time lag es ti -
a tes fr om the o bs erv e d time poin ts, its pe rforma nce was com-

romised when applied to this dataset with irregular time gaps
Figure 5 ). How ev er, GP lag, by estim ating a con tin uous time lag,
 as ab le to ide n tify lags tha t r estor ed str ong simil arity be tw e en

he pairwise time series. 
T hirdly, to e v aluate whe the r our ca ndidate e nha nce r–

romoter pairs were det ect ed as having a functional r ela tionship
n an orthogonal experiment al dat a type, we downloaded the
enomic locations of respon s e expres sion qua n t itat ive trait loci
respon s e eQTL) found in h uma n macrop hages expos ed to
n te rfe ron - gamma (IFN γ , Al as oo e t al., 2018 ) [ie, using one
f the 2 s tim uli used in the Re e d et al. ( 2022 ) expe rime n t, a nd

n the same cell type]. Because the n umbe r of eQTLs was small
 ompare d to the number of enh anc ers, w e use d a r ela tively
 tringe n t threshold to label a putative functional e nha nce r–
romoter pair: we split the candidate enh anc er–promoter pairs

nto groups ac c ording to pos te rior mea n corr ela tion ( > 0 . 98 ).
he re we re 74 H3K27ac peaks ove rla pping with m acroph age

espon s e eQTL, among which 12 pairs were in our defined
a ndidate e nha nce r–promote r pair s e ts. Ther efor e, ther e was
 si gnifica n t e nrichme n t of our ca ndidate e nha nce r–promote r
airs to eQTLs ( χ 2 test p = 0 . 18 × 10 

−3 ), further su gge sting
he relevance of the enh anc er–promoter pairs highly r ank ed by

Plag. 

6 D I S  C U S S  I O N 

Plag is a flexible and interpre tab le model spec i fically designed
or irregular time series with limited time points that exhibit
ead–lag effects, a sc en ario often enc ountere d in bio lo gy. We be-
iev e th at our me thod’s ad a ptability re nde rs it v aluab le for time-

se ries a pplications in va rious a reas s uch as longitudin al g ene ex -
re ssion, e pi ge netic s, proteomic s, cytome try, and micro biome
 tudies. It ca n be a pp lied to a v arie ty of pro b lem s, including but
ot limit ed t o ra nking or clus te ring time se ries based on the de-
ree of lead–lag effects and interpo l a tion or for e casting. The c ore
ea tur e of our me thodo lo gy is the tran sform of the multiout-
ut GP into a single-output GP, which is grounded in theoret-

cal support, affirming its validity as a cov ari ance kernel for GP.
his transform leverages the shared information among time se-

ies a nd e nables sim ulta neous modeling of the time-lag pa ra m-
te r s a nd dis simil a rity pa ra mete rs a , the reb y a chievin g desir-
ble in te rpretability a nd expa nding the application of the model.
dditionally, our model can be ext ended t o accommodat e m ul -
 iple t ime series, beyond just pairwise time se ries, e nha ncing its
ppl icabil ity and ver satil ity. 
The work here su gge sts some exciting future dire ctions . First,

he extension to a nons tationa ry ke rnel allows for more flexibil-
ty when modeling nonstat ionary t ime series with more hetero-
eneity. The 2 main challe nges a re to find a valid nons tationa ry
e rnel with in te rpre tab le pa ra mete rs a nd pe rfor m effic ie n t a nd
ffe ctiv e s tatis tical infe re nc e. Se c ond, for time-s eries d ata with

arge n , that is, den s e time points, the vani l la GP is computation-
lly expensive with O(n 

3 ) complexity (Rasm usse n, 2004 ). In
his situation, we can app ly s cal ab le GP me thods such as nea res t-
eighbor GP (NNGP, Da t ta et al. 2016 ) or v ari a tional infer ence
P ( Tra n et al., 2015 ) to re duc e the c omp lexity to O(n lo g n ) for

 arge d atas e ts . In addition, inc orporatin g a dditional pa ra mete rs,
uch as varying the va ria nce σ 2 and length scale b across diffe re n t
ime series, could potentially enh anc e model perform anc e. Fi-
ally, the question of whether the parameters in Theorem 3 can
e consis te n tly es tima ted r e mains ope n. Eve n for simple r ke rnels
uch as the Matérn, consis te n t es timators for ide n tifiab le pa ra m-
te rs (eg, σ 2 b 2 ν a nd ν) we r e only r e c e n tly dev elope d (Loh and
un, 2023 ; Lo h e t al., 2021 ). For more comp lex k ernels, lik e the
nes proposed in this pa pe r, cons tructing consis te n t es timators

s an open and challen gin g pro b lem . 
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